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We examine when multiplicative properties of ideals extend to submodules of
the quotient field of an integral domain. An integral domain R is stable if each
non-zero ideal of R is invertible as an ideal over its ring of endomorphisms. We
show that an integral domain R is stable if and only if an analogue of this
invertibility property extends to submodules of the quotient field of R. By contrast,
the class of integral domains for which every non-zero ideal is locally free over its
ring of endomorphisms is shown to properly contain the class of domains R for
which each submodule of the quotient field is locally free over its ring of
endomorphisms, and we give complete characterizations of both classes of do -
mains.  2001 Academic Press
Key Words: stable domain; generalized Dedekind domain; Prufer domain.¨
1. INTRODUCTION
In this article we present and characterize a class of commutative
integral domains large enough to include such diverse examples as orders
in quadratic number fields, coordinate rings of affine curves whose singu-
 larities are double points, and rings of the form D XQ X , where D is a
Dedekind domain with quotient field Q and X is an indeterminate. The
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first two types of rings are examples of Noetherian domains for which
every ideal can be generated by two elements; the third example belongs
to an interesting class of Prufer domains known as generalized Dedekind¨
domains. We show that these three examples can be united under a single
multiplicative property, one that is defined in terms of the submodules of
the quotient field of a domain rather than simply the ideals of the domain.
Let R be an integral domain with quotient field Q. If X and Y are
R-submodules of Q, then XY, the product of X and Y, is defined to be the
R-submodule of Q generated by all elements of the form xy, where x X
and y Y. In this way, the notion of multiplication of ideals can be
 extended to submodules of the quotient field of an integral domain. In 7 ,
a submodule X of Q is defined to be a cancellation module for R provided
for all submodules Y and W of Q such that XY XW, YW. Cancella-
 tion modules coincide with locally free modules 7, Theorem 1.3 ; they are
 also characterized in 7 in terms of a Hom formula for torsion-free
modules. Although we omit this description here, we note that it can be
used to link the cancellative behavior of rank one modules to the module-
 theoretic notion of strong faithfulness introduced in 5 . In particular, we
may take the following characterization of strongly faithful domains as
definition: an integral domain R is strongly faithful if and only if each
Ž . 1proper submodule X of Q is a cancellation module for E X .
If R is an integral domain for which every ideal can be generated by two
Ž  elements, then R is strongly faithful. This is shown in 6 using Noetherian
.techniques; it will also follow in Section 3 from general principles. Thus
strong faithfulness captures the first two examples mentioned above. The
third example also proves to be subsumed under this concept. We show in
Theorem 3.7 that an integrally closed domain R is strongly faithful if and
Ž .only if R is a generalized Dedekind domain defined below .
Theorem 3.11 characterizes strongly faithful domains using the tech-
niques and terminology of stable ideals, ideals which are projective over
their rings of endomorphisms. The proof of Theorem 3.11 hinges on the
Prufer case and in particular on the abovementioned result that an¨
integrally closed domain is strongly faithful if and only if it is a generalized
Dedekind domain. Hence one may, a fortiori, consider the concept of a
strongly faithful domain as an extension of the concept of a generalized
Dedekind domain to integral domains that are not necessarily integrally
closed. In fact, strongly faithful domains need not be Noetherian or
1 Ž .  4 Ž . Ž .For X a submodule of Q, we define E X  qQ : qX X . Thus E X 	 End XR
whenever X 0.
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integrally closed, and any cardinality can occur as the Krull dimension of a
Ž .strongly faithful domain see Section 5 .
Theorem 3.11 gives an ideal-theoretic characterization of strongly faith-
ful domains. Interestingly, restricting the defining property of strongly
faithful domains to ideals, namely to the property that each non-zero ideal
is a cancellation ideal of its endomorphism ring, does not yield another
ideal-theoretic characterization of strong faithfulness. In Section 4 we
isolate this property and say that an ideal of an integral domain has
restricted cancellation if it is a cancellation ideal of its endomorphism ring.
If every non-zero ideal of an integral domain R has restricted cancellation,
we say R itself has restricted cancellation. Theorem 4.5 characterizes
integral domains with restricted cancellation. It is this characterization
that permits the formulation of Example 5.5 of Section 5, a domain with
restricted cancellation which is not strongly faithful.
In Proposition 3.2, it is shown that strong faithfulness and restricted
cancellation coincide for quasilocal domains. In fact, in the quasilocal case,
these two notions coincide with a third class of integral domains, the class
of stable domains, those domains for which every non-zero ideal is stable.
More generally, strong faithfulness, restricted cancellation, and stability all
coincide for integral domains of finite character, the integral domains for
which every non-zero ideal is contained in at most finitely many maximal
Žideals. Consequently, these three classes of domains coincide for Noethe-
Ž .   .rian domains Corollary 3.3 , a fact first established in 6 . Stable domains
 have finite character 11, Theorem 3.2 ; thus it is how the finite character
property fails to hold that distinguishes strong faithfulness and restricted
cancellation from stability.
Notation and Terminology. All integral domains are commutative. If R
is a domain with quotient field Q and X and Y are R-submodules of Q,
   4then Y : X denotes the R-module, qQ : qX Y . We denote the
integral closure of R in Q by R.
2. STABLE DOMAINS
In this section we review the properties of stable domains that are
needed in subsequent sections. We also show that, unlike the case of
domains with restricted cancellation, the multiplicative ideal structure of
stable domains is strong enough to capture an analogous multiplicative
property for submodules of the quotient field.
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ŽFor background on our notation of stability which is that of Sally and
 .  Vasconcelos in 12 , see 8, 10, 11 . The following characterization of
stable domains is fundamental to our approach:
 LEMMA 2.1 8 . An integral domain R is stable if and only if
Ž .i finitely generated ideals of R are stable,
Ž .ii prime ideals of R are stable,
Ž .iii R is a aluation domain for all non-zero non-maximal primeP
ideals P of R, and
Ž .iv R has finite character.
  Ž . Ž .Examples in 8 show criteria i  iv are irredundant.
The next lemma collects several technical properties of stable domains
needed later.
 LEMMA 2.2 11 . Let R be a stable domain with quotient field Q.
Ž .i Eery oerring of R is stable.
Ž .ii Eery non-zero submodule X of Q is locally free as a module oer
its ring of endomorphisms.
Ž .iii Let M be a maximal ideal of R. Then the non-maximal prime
ideals of R coincide with the non-maximal prime ideals of R , and if P is aM M
Ž .non-maximal prime ideal of R, then E PR  R .M P
Let R be an integral domain with quotient field Q. A non-zero submod-
ule X of Q is a diisor module of R if for all submodules W of Q such
that XW, there exists a submodule Y of Q such that XYW. Clearly
an ideal of an integral domain R is a divisor module if and only if it is
invertible. Thus an integral domain R is stable if and only if each ideal of
R is a divisor module of its endomorphism ring. Theorem 2.3 asserts
something much stronger:
THEOREM 2.3. An integral domain R is stable if and only if each non-zero
submodule X of Q is a diisor module of its endomorphism ring.
Proof. Let R be a stable domain and X be a proper submodule of Q.
By Lemma 2.2 every overring of R is stable, so we may assume without
Ž .loss of generality that E X  R. By Lemma 2.2, X is a locally free
R-module. Let Y be a submodule of Q such that X Y. Then for all
Ž .  MMax R , it follows from Lemma 2.8 of 7 that since every overring of
Ž .R has finite character combine Lemmas 2.1 and 2.2 , it is the case that
     Y : X R  YR : XR . Since X is a locally free R-module, X Y : XM M M
 Y, proving that X is a divisor module for R. It follows that every
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non-zero submodule of Q is a divisor module of its endomorphism ring.
The converse is clear.
COROLLARY 2.4. A stable domain is strongly faithful and hence has
restricted cancellation.
Proof. By Lemma 2.2, each submodule of the quotient field of a stable
domain is locally free as a module over its ring of endomorphisms. Thus, as
noted in the Introduction, every submodule of the quotient field is a
cancellation module over its ring of endomorphisms, and hence every
stable domain is strongly faithful.
 In the terminology of 5 , Theorem 2.3 states that an integral domain R
is stable if and only if it is ‘‘solvable.’’
3. STRONGLY FAITHFUL DOMAINS
It is often the case that integrally closed domains whose ideals possess
certain multiplicative properties are Prufer domains. This holds true for¨
Žintegrally closed domains with restricted cancellation and hence also for
.integrally closed strongly faithful domains , as is noted in Lemma 3.1.
Clearly, any integral domain with restricted cancellation can have no
proper non-zero idempotent ideals. Thus the class of integrally closed
domains with restricted cancellation belongs to the class of Prufer domains¨
having no non-zero proper idempotent ideals. For Prufer domains, having¨
no non-zero proper idempotent ideals is equivalent to having no non-zero
idempotent prime ideals. These domains are known as strongly discrete
Prufer domains. It is easy to show that whether or not a Prufer domain is¨ ¨
strongly discrete is determined locally, i.e., that R is strongly discrete if
Ž .and only if R is strongly discrete for all MMax R . From this itM
follows that every overring of a strongly discrete Prufer domain is strongly¨
discrete, a fact we will make use of without further comment.
LEMMA 3.1. If an integrally closed domain R has restricted cancellation,
then R is a strongly discrete Prufer domain.¨
Proof. If I is a nonzero finitely generated ideal of an integrally closed
Ž .domain R, then E I  R. If in addition R has restricted cancellation,
then I must be a cancellation ideal of R. As remarked in the Introduction,
cancellation modules are locally free and hence, I is locally invertible.
Locally invertible finitely generated ideals are invertible, so I is invertible
and R is a Prufer domain. It is clear that R is strongly discrete.¨
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PROPOSITION 3.2. The following are equialent for an integral domain R
of finite character.
Ž .1 R has restricted cancellation.
Ž .2 R is stable.
Ž .3 R is strongly faithful.
Ž . Ž .4 R has restricted cancellation for all MMax R .M
Ž . Ž .5 R is stable for all MMax R .M
Ž . Ž . Ž .Proof. The equivalence of 1 and 2 under the present hypotheses is
  Ž . Ž .established in 11, Theorem 3.6 . That 2 implies 3 is given by Corollary
Ž . Ž . Ž . Ž .2.4. The assertion 3 implies 4 is clear. That 4 implies 5 is given by the
Ž . Ž . Ž . Ž .already established equivalence of 1 and 2 . That 5 implies 1 under
 the finite character assumption is proved in 11, Theorem 3.6 .
Ž . Ž .COROLLARY 3.3. If R is a Noetherian domain, then statements 1  5 of
Proposition 3.2 are equialent for R.
Proof. Since one-dimensional Noetherian domains satisfy the hypothe-
sis of Proposition 3.2, it suffices to note that for Noetherian domains,
restricted cancellation, the weakest property, implies R is a one-dimen-
 sional domain. This is established in 5 .
LEMMA 3.4. Let R be an integral domain for which R is a stable domainM
Ž .for all MMax R . If X is a submodule of Q, then X is a cancellation
Ž . Ž . Ž . Ž .module of E X if and only if E X R  E XR for all MMax R .M M
Ž . Ž .Proof. Suppose X is a cancellation module of E X . Let MMax R .
Ž . Ž . Ž . Ž .Then XE XR  XE X R implies E X R  E XR . To prove theM M M M
Ž .converse, assume E X localizes at each maximal ideal of R. By Proposi-
tion 3.2, R is strongly faithful for each maximal ideal M of R. SupposeM
Ž .W and W are E X -submodules of Q such that XW  XW . If M is a1 2 1 2
Ž . Ž .maximal ideal of R, then X W R  X W R ; also, E X  E X RM 1 M M 2 M M M
Ž . Ž . E W R 
 E W R . Since XR is a cancellation module of1 M 2 M M
Ž .E XR , it follows that W R W R and hence, since the choice of MM 1 M 2 M
Ž .was arbitrary, W W . Therefore, X is a cancellation module of E X .1 2
A generalized Dedekind domain is a Prufer domain for which every¨
Ž  . prime ideal is stable see 3, Theorem 5; 9, Theorem 4.7 . In 6, Proposi-
tion 10 , it is shown that generalized Dedekind domains are strongly
 faithful. Moreover, it is shown in Theorem 4.6 of 9 that an integral
domain R is integrally closed and stable if and only if R is a strongly
discrete Prufer domain of finite character.¨
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 LEMMA 3.5 9, Theorem 4.6 . Let R be an integrally closed domain with
finite character. The following statements are equialent for R.
Ž .1 R is a generalized Dekind domain.
Ž .2 R has restricted cancellation.
Ž .3 R is a strongly discrete Prufer domain.¨
For the proof of Theorem 3.7, we need the following characterization of
the Prufer domains for which every non-zero prime ideal has restricted¨
cancellation. Recall that a Prufer domain R has the separation property¨
provided that for every pair of distinct prime ideals P and Q of R such
that PQ, there exists a finitely generated ideal I of R such that
P IQ; equivalently, each non-zero prime ideal P of R is a maximal
Ž .  ideal of E P 2, Lemma 4.2.38 .
 LEMMA 3.6 9, Proposition 4.8 . The following are equialent for a Prufer¨
domain R.
Ž .1 Eery non-zero radical ideal of R has restricted cancellation.
Ž .2 Eery non-zero prime ideal of R has restricted cancellation.
Ž .3 R is strongly discrete and has the separation property.
Ž .An integral domain R is said to satisfy  if for each maximal ideal M
of R, it is the case that  R  R , where N ranges over allNM N M
Ž .maximal ideals of R not equal to M. If every overring of R satisfies  ,
Ž .then R is said to satisfy  .
An integral domain R is a generalized Dedekind domain if and only if R
Ž .  is a strongly discrete Prufer domain satisfying  2, Theorem 5.4.4 . In¨
Theorem 3.7 we use this description of generalized Dedekind domains to
characterize this class of domains in terms of strongly faithful domains.
THEOREM 3.7. An integral domain R is a generalized Dedekind domain if
and only if R is an integrally closed strongly faithful domain.
Proof. Let R be an integrally closed strongly faithful domain and
suppose that R is not a generalized Dedekind domain. Since R is a
strongly discrete Prufer domain that is not a generalized Dedekind do-¨
 main, there exists, by Theorem 5.4.9 of 2 , a non-zero finitely generated
ideal I of R with infinitely many prime ideals of R minimal over I.
Ž .Choose countably many distinct prime ideals, say P , P , . . . , P , . . . ,1 2 k
minimal over I. Define S   R and observe that F i1 Pi
 4SP , SP , . . . , SP , . . . is a set of infinitely many prime ideals of S contain-1 2 k
ing SI and that each of these prime ideals SP is minimal over SI. Thus Si
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Ž .is not a generalized Dedekind domain and hence does not satisfy  . If
S has uncountably many maximal ideals, then since S S is ai1 S Pi
Ž .countable intersection, S cannot satisfy  . Otherwise, if S has countably
many maximal ideals, then, since S is a Prufer domain, so does every¨
Ž .overring of S, and hence there exists an overring T of S and hence R
Ž .such that T has countably many maximal ideals and T does not satisfy  .
In either case we have an overring of R that can be written as a countable
Ž .intersection of localizations at maximal ideals and does not satisfy  .
Since overrings of strongly faithful domains are strongly faithful, this
particular overring must be strongly faithful and Prufer. We seek a¨
contradiction; so may assume without loss of generality that R is a strongly
faithful Prufer domain, R R for countably many maximal ideals¨ i1 Ni
N of R, and there exists another maximal ideal M of R such that MNi i
for all i.
Now, since R is strongly discrete, M nM n1 for all n 0. For each
k Ž .k, there exists by Prime Avoidance, m M  N N  N .k 1 2 k
Since R is a valuation domain,  M kR  PR , where P is a primeM k M M
ideal of R. If P 0, define J  0 for all k 0; otherwise, if P 0, thenk
Ž .since R has the separation property, P is a maximal ideal of E P and so
Ž . k Ž .  E P M  E P for all k. Thus, as in the proof of 2, Lemma 4.2.38 ,
there exists for each k a finitely generated ideal J such that P J M k.k k
Define for each k, I  J  Rm and observe that I M k but I k k k k k
N N  N . Let XÝ I1. Then since R is a valuation1 2 k k1 k M
 domain, either R : XR  0 and XR Q or, using the fact that I isM M M k
     an invertible ideal for all k, we have R : XR  R : R : I RM M k M k M
   R : R : I R  I R . So if XR Q, PR  I Rk M M k M k k M M M k k M
k   M R  PR ; hence R : XR  PR . Assume XR Q. Sincek M M M M M M
R is strongly discrete, every proper R -submodule of Q is divisorial 1,M M
  Proposition 7.6 . Thus XR  R : PR  R . Observe next that weM M M P
 have for each j, XR Ý R : I R . By design, I N for all k j.N k N k N k jj j jj  Thus XR Ý R : I R , and as the sum of finitely many invertibleN k1 N k Nj j j  fractional ideals of R , XR is itself invertible. Hence XR : XR N N N Nj j j j
R for all j 0. NowNJ

 X : X  XR : XR . N Ni i
i1
    By assumption, R R . Thus X : X  R and X : X R  R .i1 N M Mi  But since R is strongly faithful, we have by Lemma 3.4 that X : X R M
 XR : XR . As we have established, either XR Q or XR  R .M M M M P
Either way this forces a contradiction. We conclude that R is a generalized
 Dedekind domain. The converse is established in 6, Proposition 10 .
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LEMMA 3.8. Let R be a quasilocal stable domain with maximal ideal M.
Ž .Then M E M m for some mM and

i 1   M : M  R m .Ý
i1
 1   1 Moreoer, R m is a aluation domain and R m  R , where P is theP
largest non-maximal prime ideal of R.
Ž .Proof. Since R is quasilocal and stable, M is a principal ideal of E M ,
Ž .  say M E M m for some mM 11 . Observe that for each i 1,
 i  Ž . i1   i   1 M : M  E M m . Thus, if S M : M , then R m  S. Iti1
   1 is shown in 11 that R m  R , where P is the largest non-maximalP
Ž .prime ideal of R possibly P 0 . By Lemma 2.1, R is a valuationP
 1 domain. If P 0, then R m is the quotient field of R. Otherwise, since
Ž . ŽR is a valuation domain and E M is an integral extension of R seeP
 .  1  Ž . 1 11 , we have R  R m  S E M m  R , completing theP P
proof.
LEMMA 3.9. Let R be an integral domain and S be an oerring of R. If
R is a stable domain for each maximal ideal M of R, then the contractionM
Ž . Ž . Ž .mapping Spec S  Spec R is at most two-to-one and if Spec R is a
Ž .Noetherian space, so is Spec S .
Proof. If P is a prime ideal of R, then R is stable and R has at mostP P
 two maximal ideals 11 . Thus each prime ideal of R has at most two prime
ideals of R lying over it. Since R is a Prufer domain, the contraction¨
Ž . Ž .mapping Spec T  Spec R is one-to-one for all overrings T of R. Thus
Ž . Ž . Ž .Spec SR  Spec R is at most two-to-one and it follows that Spec S 
Ž . Ž .Spec R is at most two-to-one. Suppose Spec R is Noetherian. We show
Ž .first that Spec R is Noetherian. Since R is a strongly discrete Prufer¨
domain, it suffices to note that every non-ideal of R is contained in at
  Ž .most finitely many minimal prime ideals 2, Theorem 5.4.9 . Since Spec R
is Noetherian, every ideal of R has at most finitely many minimal prime
Ž . Ž .ideals; also, Spec R  Spec R is at most two-to-one, so it follows that
every ideal of R has at most finitely many minimal prime ideals. Since
Ž . Ž . Ž .Spec SR  Spec R is one-to-one, we have that Spec SR is Noetherian;
Ž .consequently, Spec S is Noetherian.
THEOREM 3.10. An integral domain R is strongly faithful if and only if
Ž .i R is a stable domain for all maximal ideals M of R, andM
Ž . Ž .ii Spec R is Noetherian.
Proof. Suppose first that R is strongly faithful. Then by Corollary 3.2,
Ž .R is stable for all MMax R . Moreover, R is strongly faithful andM
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Ž . Ž .hence a generalized Dedekind domain Theorem 3.7 . Thus Spec R is
  Ž .Noetherian 2, Theorem 5.4.9 , and hence, since Spec R is the surjective
Ž . Ž . Ž .image of a continuous map from Spec R , Spec R is Noetherian. Thus i
Ž . Ž . Ž .and ii hold. Conversely, suppose R satisfies i and ii . By Lemma 2.2,
Ž .every overring of a stable domain is stable, so i holds for every overring
Ž .of R. By Lemma 3.9, ii holds for every overring of R.
To show that R is strongly faithful, it suffices by Lemma 3.4 to show that
the endomorphism rings of submodules of the quotient field of R localize.
Let X be a non-zero proper submodule of the quotient field of R. Since
Ž . Ž .i and ii are inherited by every overring of R, we may assume without
Ž .loss of generality that E X  R. Let M be a maximal ideal of R. Then
 R  X : X R and soM M
   R  XR : XR 
 XR : XR R ,M M M N N Mž /
NM
where N ranges over all maximal ideals of R distinct from M. Observe
 that  R   XR : XR , so to prove that R N M N N M N N M
    Ž .XR : XR , it suffices to show that XR : XR   R R . ToM M M M NM N M
Ž . Ž .do this, we first check, using ii , that M is a stable ideal of R. By i ,
Ž . 2 Ž .MR  E MR m for some m and hence M R MR m. By ii , thereM M M M
exists a finitely generated ideal I of R such that the radical of I is M.
Ž . Ž . 2Define J E M I I M m. Then local verification shows M  JM
and M 2MJ. Since R is locally stable, every finitely generated ideal of R
is stable. It is not hard to see then that every overring of R has the
Ž   .property that finitely generated ideals are stable see 11 for details , so J
Ž . Ž . Ž 2 .  2  is a stable ideal of E M . Moreover, E J  E M  M : M : M 
  2 Ž . Ž .M : M , since MM . Then E J  E M and J is an invertible ideal
Ž .  Ž .   2   of E M . Hence M E M : M  M M : M  M M : MJ 
 Ž .  Ž . Ž .  Ž .   Ž . M E J : J , and since E M  E J  J E J : J M E J : J , it must
be the case that M is stable.
 n Next, observe that for all n 0, the stability of M implies MR : MM
 n  Ž . M : M R   R R . By Lemma 3.8, it follows that TM NM N M
Ž . R R contains the integral closure of R and T contains R ,NM N M M P
where P is the largest non-maximal prime ideal of R contained in M. Now
 if T is the quotient field of R , then R  XR : XR 
 T impliesM M M M
 R  XR : XR , as desired. Otherwise, if T is not quotient field of R,M M M
then as noted above, R  T. To complete the claim, it suffices to showP
 that S X : X  R . If SM S, then SMXR  SXR and byM M P M M
Ž . Ž .local verification, X XM. So E M  E X  R implies M is an invert-
ible ideal of R. Thus R is a stable domain with principal maximal ideal;M
 consequently, R is a valuation domain 11 . Thus, since R  S
 T andM M
T R it must be the case that R  S. On the other hand, if SM S,M M
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then SM S, so by Lemma 2.2, S R . Either way, S R and the claimP P
is proved.
The next theorem should be compared to Lemma 2.1. As noted in
Section 2, the three criteria of Theorem 3.11 are irredundant.
THEOREM 3.11. An integral domain R is strongly faithful if and only if
Ž .1 finitely generated ideals of R are stable,
Ž .2 prime ideals of R are stable, and
Ž .3 R is a aluation domain for all non-zero non-maximal primeP
ideals P of R.
Proof. Suppose first that R is strongly faithful. Then by Corollary 3.2,
Ž .R is stable for all MMax R . Thus R is a valuation domain for allM P
Ž . Ž .non-zero non-maximal prime ideals of R Lemma 2.1 , proving iii . By
Lemma 2.2, overrings of stable domains are stable. Let I be a finitely
Ž . Ž .generated ideal of R. By Lemma 3.4, E I  E I for all maximalM M
Ž . Ž .ideals M of E I . Thus I is locally a principal ideal of E I and hence,
Ž . Ž .since I is a finitely generated ideal of E I , I is an invertible ideal of E I
Ž . Ž .and i is established. It remains to show ii . Since R is strongly faithful, so
is R, and hence by Theorem 3.7, R is a generalized Dedekind domain. In
particular, every prime ideal is the radical of a finitely generated ideal 2,
Theorem 3.1.11 and Lemma 5.4.5 . Let P be a non-zero prime ideal of R
and let J be a finitely generated ideal of R such that the radical of J is P.
Ž .Since R is a stable domain, PR  E PR r for some r PR . ByP P P P
Lemma 2.2, PR  PR for all maximal ideals M of R which contain P.M P
Ž . Ž .Thus, by Lemma 3.4, PR  E PR r E P R r for all maximal idealsM M M
Ž . Ž .M containing P. Define J E P J E P r. We claim P J. For if M
Ž . Ž .is a maximal ideal of R containing P then JR  E P R J E P R rM M M
 PR , and if N is a maximal ideal of R not containing P, then, sinceM
JN, JR  R  PR . Thus P J and P is a finitely generatedN N N
Ž .ideal of E P . Since finitely generated ideals of R are stable, it follows
that finitely generated ideals of overrings of R are stable and hence that P
Ž .is stable, establishing ii .
Ž . Ž . Ž .Conversely, assume i , ii , and iii hold for R. Then it is easily seen
Ž . Ž . Ž . Ž .that i , ii , and iii hold for R for all MMax R . By Theorem 2.4 ofM
  Ž .8 , R is a stable domain for all MMax R . To show that R is stronglyM
Ž .faithful, it suffices by Theorem 3.10 to verify that Spec R is Noetherian,
or, equivalently, every prime ideal of R is the radical of a finitely
generated ideal. Let P be a non-zero prime ideal of R. Since P is stable,
Ž .there exists a finitely generated ideal I of R such that P E P I. Thus
2P  PI I P and hence the radical of I is P, proving the claim.
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4. RESTRICTED CANCELLATION
We turn now to the problem of characterizing those integral domains R
that have restricted cancellation.
LEMMA 4.1. If R is an integral domain with restricted cancellation, then
for each non-zero prime ideal P of R, RP is strongly faithful.
Proof. If P is a maximal ideal of R, then the claim is vacuously true, so
suppose there exists a non-zero non-maximal prime ideal P of R. We
Ž . Ž .claim first that P is a maximal ideal of E P . If PN, then E P R N
Ž .R . If PN, then since P has restricted cancellation, E P R N N
Ž . Ž . Ž .E PR ; also, since R is a stable domain, E PR  R Lemma 2.2 .N N N P
Ž . Ž .Thus local verification shows that E P P	 R PR and hence E P PP P
Ž . Ž .is a field, proving P is a maximal ideal of E P . It follows that E P P is
Ž .the quotient field of RP. Let AP be a submodule of E P P. Then
Ž . Ž Ž . Ž ..E AP  E A 
 E P P. Let MP be a maximal ideal of RP,
Ž .Ž .where M is a maximal ideal of R containing P. Then E AP RP MP
Ž Ž . Ž . E A R 
 E P R PR . Since R has restricted cancellation and AM M M
Ž Ž ..is a fractional ideal of R recall A E P , it must be the case by Lemma
    Ž . Ž .3.4 that A : A R  AR : AR . Similarly, E P R  E PR , andM M M M M
Ž . Ž .    Ž Ž .so AP : AP  AR PR : AR PR  E AR 
MP MP M M M M M
Ž .. Ž Ž . Ž .. Ž .Ž .E PR PR  E A 
 E P R PR  E AP RP . More-M M M M MP
over, RP is locally a stable domain, so by Lemma 3.4, RP is strongly
faithful.
LEMMA 4.2. Let R be an integral domain with Prufer integral closure. If L¨
and N are prime ideals of an oerring S of R such that LN and
L
 RN
 R, then LN.
Proof. Let L and N be extensions of L and N to S such that
LN. Then the prime ideals L
 R and N
 R of R lie over the
same prime of R and hence, L
 RN
 R. Since R is a Prufer¨
Ž . Ž .domain, S is a flat extension of R and L L
 R S N
 R SN.
Thus LN and since S is an integral extension of S, it must be that
LN.
LEMMA 4.3. Let R be a quasilocal stable domain. If P is a non-maximal
prime ideal of R, then eery oerring of R is comparable to R .P
Proof. Let S be an overring of R. If S R , then since R is aP P
valuation domain, SR  R for some prime ideal Q P of R. ThusP Q
Ž . Ž .SP PR  R and S R  SP. Since R  E P Lemma 2.2 , SPQ Q Q P
SPR  PR  R and S R  SP. It follows that S SP and henceP Q Q Q
Ž .R  E P  S.P
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Ž .In order for a domain R to be strongly faithful, Spec R must be
Ž .Noetherian Theorem 3.10 . The weaker property of restricted cancellation
Ž .demands only that all proper closed subspaces of Spec R be Noetherian:
THEOREM 4.4. An integral domain R has restricted cancellation if and
only if
Ž . Ž .i R is a stable domain for all maximal ideals MMax R andM
Ž . Ž .ii Spec RP is Noetherian for all non-zero prime ideals P of R.
Ž .Proof. If R has restricted cancellation, then i holds by Proposition 3.2
 and the fact that the cancellation property localizes 7 . By Lemma 4.1, if P
is a non-zero prime ideal of R, then RP is strongly faithful, so by
Ž . Ž .Theorem 3.10, Spec RP is Noetherian. Thus ii holds. Conversely,
Ž . Ž . Ž . Ž .suppose statements i and ii hold for R. We note first that i and ii are
Ž .inherited by overrings of R. That this is true for i is given by Lemma 2.2.
Ž .Also, Lemma 3.9 implies ii passes to overrings of R, since the local
stability of R forces the local stability of RP. Now, in order to show now
that R has restricted cancellation, we first analyze R R for eachM  M
maximal ideal M of R, where R  R and this intersectionM  NM N
ranges over all maximal ideals N not equal to M. The analysis is done by
consideration of two cases, the first of which is rather technical.
Case 1. M is a height one maximal ideal. We claim that in this case,
RR  R R . Since R is a quasilocal stable domain, we have recourseM M  M M
 to a sequence of blowups defined in 11 . Write S R and NMR .M M
Ž .Since S is stable, there exists nN such that N E N n. It is shown in
 11, Theorem 4.8 that one may express R as the union of a countable
chain of integral extensions of R. We recall the properties of this construc-
Ž .  tion. Define S  S and S  E N . If S  S, then S  S : N . Induc-0 1 1 1
Ž .tively define, for i 1, S  S if S is not quasilocal, and S  E Ni i1 i1 i i1
if S is quasilocal with maximal ideal N .i1 i1
Let k be the least number such that S  S , assuming such a kk k1
exists; if no such k exists, define k . Then for all i k, S is quasilocali
Ž  .with maximal ideal N . By the construction see 11 , there exists nNi
such that N  S n for all 0 i k, where N N. We will show thati i1 0
k  S  R R for each i 0; since R  S 11 , this will completei M  M M i0 i
verification of the claim. The proof is by induction on i. If i 0, then
clearly S  R  R R . Suppose i 1 and S  R R . Define0 M M  M i1 M  M
1 Ž .T S 
 R and A S 
 R n . We show S  E AR , A is ai M  i M  i M
Ž . Ž .locally free module over E A , and E A  T. For then A has restricted
   cancellation and A : A R  R R implies that S  AR : AR M M  M i M M
Ž . Ž .R R , proving the claim. Observe that E A  E AR 
M  M LM L
Ž .E AR , where L ranges over the maximal ideals of R distinct from M.M
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For such an ideal L, AR  S R 
 R n1, and since M is a height oneL i L L
Žprime ideal, S R is equal to the quotient field of R. This is becausei L
. 1 Ž .R R  S R . Thus AR  R n and E AR  R . Moreover,M L i L L L L L
nAR  nS 
 R R and so nAR N 
 R R . By assumption,M i M  M M i1 M  M
Ž . Ž . Ž .S  R R , and so E AR  E nAR  E N  S . Conse-i1 M  M M M i1 i
Ž .quently, E A  T ; also, our calculation shows that A is a locally free
S-module and hence A has restricted cancellation. This completes Case 1.
Case 2. M is not a height one maximal ideal of R. Since R is stable,M
 4there exists a largest non-zero non-maximal prime ideal P of R. Let N
 4be the set of maximal ideals of R not containing P, and let M be the set
 4of maximal ideals of R distinct from M and containing P. Then MP 
 4M P is the set of maximal ideals of RP. By Theorem 3.10, RP is
Ž .strongly faithful. Define R* R PR PR and let I* denote theP P
image of an ideal of I of R in R*. Then R*	 RP and so by Lemma 3.8,
Ž  .  R R , is the quotient field, R PR , of R*. Consequently, M M P P
Ž .   R R  R . Also, P : P  R and so, since P has restricted M M P  N 
Ž . Ž . Ž .cancellation, R  E PR  E P R   R R . Therefore, R P M M  N M P
R R , completing Case 2, since, by Lemma 2.1, R is a valuationM  M P
domain.
Finally, we verify that R has restricted cancellation. Let I be a non-zero
Ž . Ž . Ž .ideal of R. Then E I satisfies i and ii , so to show I has restricted
Ž .cancellation we may assume without loss of generality that E I  R. Let
M be a maximal ideal of R containing I. To show R has restricted
 cancellation it suffices by Lemma 3.4 to check that I : I R M
  Ž .IR : IR . Observe that since E I R  R , we haveM M M M
 1 R  IR : IR 
 R R .Ž . M M M M  M
If M is a height one maximal ideal of R, then R , as a one-dimensionalM
integrally closed stable domain, is Dedekind. Moreover, R has at most 2M
  Ž .maximal ideals 11 . Thus IR 	 RR and it follows that E IR  R .M M M M
Ž . Ž .By Case 1 above, R  R R . Thus, by the equality 1 , R  E IR ,M M  M M M
as desired. Otherwise, if M is not a height one maximal ideal of R, then by
Case 2 there exists a non-zero non-maximal prime ideal P of R contained
Ž .in M such that R R  R . Consequently, R  E IR 
 R . ByM  M P M M P
Lemma 4.3, every overring of R is comparable to R . Thus, sinceM P
Ž .R  R , R  E IR , as claimed. This completes the proof.M P M M
THEOREM 4.5. An integral domain R has restricted cancellation if and
only if
Ž .i finitely generated ideals of R hae restricted cancellation,
Ž .ii prime ideals of R hae restricted cancellation,
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Ž .iii R is a aluation domain for all non-zero non-maximal primeP
ideals P of R, and
Ž . Ž .iv Spec RP is Noetherian for all non-zero prime ideals P of R.
Ž . Ž .Proof. Assume R has restricted cancellation. Statements i and ii are
Ž .clear and statement iv is given by Theorem 3.10 and Lemma 4.1. To see
Ž .that iii holds for R, note that by Proposition 3.2, R is locally stable, and
Ž . Ž . Ž .since quasilocal stable domains satisfy iii Lemma 2.1 , statement iii
Ž . Ž .holds for R. Conversely, if R satisfies i  iv , then by Lemma 2.1, R is aM
Ž .stable domain for all MMax R . Thus by Theorem 4.4, R has restricted
cancellation.
COROLLARY 4.6. If an integral domain R has restricted cancellation, then
so does eery oerring of R.
Proof. In the course of proving Theorem 4.4, it is shown that if R
Ž . Ž . Ž . Ž .satisfies i and ii , then every overring of R satisfies i and ii . So by
Theorem 4.4, every overring of R has restricted cancellation.
COROLLARY 4.7. An integral domain R is integrally closed and has
restricted cancellation if and only if
Ž .i R is a strongly discrete Prufer domain,¨
Ž .ii R has the separation property, and
Ž . Ž .iii Spec RP is Noetherian for all non-zero prime ideals P of R.
Ž . Ž .Proof. Suppose first that R satisfies i  iii . Since R is a Prufer¨
Ž . Ž . Ž .domain, statements i , ii , and iii of Theorem 4.5 are immediate. That
prime ideals of R have restricted cancellation is given by Lemma 3.6. The
converse follows from Theorem 4.5 and Lemma 3.6.
5. EXAMPLES
In this section we give examples to show the various classes of domains
considered in the previous sections are distinct. We also indicate in
Proposition 5.1 and Corollary 5.2 how DM constructions can be used to
generate non-Noetherian, non-integrally closed strongly faithful domains
of arbitrarily large Krull dimension.
PROPOSITION 5.1. Let B be a quasilocal integral domain. Define k
BM, where M is the maximal ideal of B and let  : B k denote the
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canonical projection of B onto the residue field of B. Let A be a subring of k
and consider the pullback:
1 Ž .R  A A
 
 B k
Then R is a strongly faithful domain if and only if k is the quotient field of A,
A is a strongly faithful domain, and B is a strongly discrete aluation domain.
Proof. Suppose first that k is the quotient field of A and A is a
strongly faithful domain with B a strongly discrete valuation domain.
Identify R with its image in B. It follows that if P is the maximal ideal of
B, then P is a prime ideal of R, and we may identify B with R and AP
 with RP. It is shown in 11 that in these circumstances, R is locally a
Ž .stable domain. Thus iii of Theorem 3.11 is satisfied. Since locally invert-
ible finitely generated ideals of an integral domain are invertible, condition
Ž . Ž .i of Theorem 3.11 holds. It remains to check that ii holds. If L is a
prime ideal of R, then since PR  P, either L P or P L. SupposeP
first that P L. Then, by Theorem 3.11, LP is stable since RP is
Ž . Ž .strongly faithful. Since E L  R and PR  P, it follows that E LPP P
Ž . Ž . E L P. Thus L J P for some finitely generated ideal J of E L .
From the assumption that PR  P, it follows that L J. Since finitelyP
Ž .generated ideals of R and hence its overrings are stable, L is stable.
Thus maximal ideals of R are stable. Finally, suppose L P. For each
maximal ideal M of R, R is a stable domain and so LR  LR . But LM L M
is contained in the Jacobson radical of R, so LR  L. Thus L is stableL
Ž . Ž .and we have shown that i  iii of Theorem 3.11 hold. Hence R is strongly
faithful. Conversely, assume R is strongly faithful. By Lemma 4.1, A is
strongly faithful and by Theorem 3.11, B is a valuation domain. Since
overrings of strongly faithful domains are strongly faithful, B must be
strongly discrete.
COROLLARY 5.2. Let R be an integral domain with quotient field Q. Then
 R is strongly faithful if and only if S R XQ X is a strongly faithfulŽ X .
domain. If R is not integrally closed, then S is neither Noetherian nor
integrally closed.
Proof. The first assertion follows from Proposition 5.1. If S is integrally
closed, then S is a Prufer domain since it is strongly faithful. Thus, if R is¨
not integrally closed, S is not integrally closed. Strongly faithful Noethe-
Ž .  rian domains are stable Corollary 3.3 , and hence one-dimensional 12 .
Thus S is not Noetherian.
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EXAMPLE 5.3. There is a non-Noetherian, non-integrally closed, non-
 coherent strongly faithful domain of Krull dimension two. In 8 , an example
of a one-dimensional quasilocal non-Noetherian, non-integrally closed,
non-coherent stable domain R is constructed. By Corollary 5.2, S R
 XQ X is neither Noetherian nor integrally closed. Under the givenŽ X .
 circumstances, the coherency of S would force the coherence of R 8 .
Hence S is not coherent.
EXAMPLE 5.4. There is an integrally closed strongly faithful domain that is
not stable. By Theorem 3.7, generalized Dedekind domains are strongly
faithful. Moreover, any generalized Dedekind domain which has a non-zero
ideal that is contained in infinitely many maximal ideals is not stable
Ž .  Lemma 2.1 . In particular,  X X is an integrally closed strongly
faithful domain that is not stable. One of its offending ideals can be
Ž . 4 Ž  .generated by the set 1p X : p is a prime integer see 3, Example 10 .
EXAMPLE 5.5. There exists an integrally closed domain that has restricted
cancellation but is not strongly faithful. An example of an almost Dedekind
domain R such that R has only countably many maximal ideals and R
Ž .  does not satisfy  is given in 2, Theorem 8.2.2 . Then R is a Prufer¨
Ždomain with restricted cancellation in fact every ideal is a cancellation
. Ž .ideal of R and R does not satisfy  . By Theorem 3.7, R cannot be
strongly faithful, since R is not a generalized Dedekind domain. The
referee has pointed out another example to us, one that can be easily
 stated here. For each prime integer p, define a DVR, V   xp . Setp Ž p.
R V . Then each localization of R at a maximal ideal of R is a DVRp p
and hence R is an almost Dedekind domain. But R is not strongly faithful
since there is a localization of R at a maximal ideal that yields a valuation
 domain,  x , which is not of the form V for any p. In particular, RŽ x . p
Ž .does not satisfy  .
EXAMPLE 5.6. There exists an integrally closed domain R for which eery
non-zero radical ideal of R has restricted cancellation but R does not hae
restricted cancellation. Let R be as in the preceding example. Then S R
    XQ X is a strongly discrete Prufer domain 2, Corollary 5.7.3 .¨Ž X .
Moreover, S has the separation property; to see this note that the only
 non-maximal non-zero prime ideal of R is XQ X and every maximal
 ideal of S is of the form M XQ X for some maximal ideal M of R.Ž X .
Hence if M is a maximal ideal of R and m is a non-zero element of R,
   then Sm RmmXQ X  Rm XQ X is a finitely generatedŽ X . Ž X .
   ideal of S such that XQ X  SmM XQ X . By Theorem 4.5,Ž X . Ž X .
every prime ideal of R has restricted cancellation. If S has restricted
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 cancellation, then by Lemma 4.1 and Theorem 3.7, SXQ X 	 R is aŽ X .
generalized Dedekind domain, which is a contradiction. Thus S does not
have restricted cancellation.
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